ABSTRACT. We show that the number of deformation types of canonically polarized manifolds over an arbitrary variety with proper singular locus is finite, and that this number is uniformly bounded in any finite type family of base varieties. As a corollary we show that a direct generalization of the geometric version of Shafarevich's original conjecture holds for infinitesimally rigid families of canonically polarized varieties.
INTRODUCTION
Fix an algebraically closed field k of characteristic 0. Let B be a smooth projective curve of genus g over k and ∆ ⊂ B a finite subset. A family f : X → B is called isotrivial if X a ≃ X b for general points a, b ∈ B, and f : X → B is admissible (with respect to (B, ∆)) if it is not isotrivial and the map f : X \ f −1 (∆) → B \ ∆ is smooth. At the 1962 International Congress of Mathematicians in Stockholm, Shafarevich conjectured that for a fixed pair (B, ∆) and a natural number q ≥ 2 there exist only finitely many isomorphism classes of admissible families of smooth projective curves of genus q. Furthermore, if there is such a family, then the base curve satisfies a certain hyperbolic condition. More precisely he stated the following. 1.1. SHAFAREVICH'S CONJECTURE. Let (B, ∆) be fixed and q ≥ 2 an integer. Then Shafarevich showed a special case of (1.1.2): There exist no smooth families of curves of genus q over P 1 . Conjecture (1.1) was proven by Parshin [Par68] for ∆ = / 0 and Arakelov [Ara71] in general.
This conjecture has a natural analogue for curves over number fields. For a brief discussion see [Kov03] and for more details [CS86] and [Lan97] . Shafarevich's conjecture implies Mordell's conjecture in both the function field and the number field case by an argument known as Parshin's covering trick. Because of this the proof of Shafarevich's conjecture in the number field case constitutes the lion's share [AesBC] of Faltings' celebrated proof of Mordell's conjecture [Fal83, Fal84] .
With regard to Shafarevich's conjecture, Parshin made the following observation. In order to prove that there are only finitely many admissible families, one may proceed as follows. Instead of aiming for the general statement, first prove that there are only finitely many deformation types. The next step then is to prove that admissible families are rigid, that is, they do not admit non-trivial deformations over a fixed base. Now since every deformation type contains only one family, and since there are only finitely many deformation types, the original statement follows.
Based on this idea, the following reformulation of Shafarevich's conjecture was used by Parshin and Arakelov to confirm the conjecture:
SHAFAREVICH'S CONJECTURE (VERSION TWO). Let (B, ∆) be fixed and q ≥ 2 an integer. Then the following statements hold. (B) (BOUNDEDNESS) There exist only finitely many deformation types of admissible families of curves of genus q with respect to B \ ∆. (R) (RIGIDITY) There exist no non-trivial deformations of admissible families of curves of genus q with respect to B \ ∆. (H) (HYPERBOLICITY)
If 2g − 2 + #∆ ≤ 0, then no admissible families of curves of genus q exist with respect to B \ ∆. REMARK 1.3. As we discussed above, (B) and (R) together imply (1.1.1) and (H) is clearly equivalent to (1.1.2). It is a natural and important question whether similar statements hold for families of higher dimensional varieties. It is easy to see that (R) fails [Vie01] , [Kov03] and hence (1.1) fails. This gives additional importance to the Parshin-Arakelov reformulation as it separates the clearly false part from the rest. In fact, the past decade has seen a flood of results concerning both (B) and (H). For a detailed historical overview and references to related results we refer the reader to the survey articles [Vie01] , [Kov03] , [MVZ05] , and [Kov06] .
In this article we are interested in (B). If there exists an algebraic stack D parametrizing families of canonically polarized varieties over the base then boundedness, (B), is equivalent to the statement that D is of finite type.
At this point one should mention the following closely related notion:
(WB) (WEAK BOUNDEDNESS) For an admissible family f : X → B, the degree of f * ω m X/B is bounded above in terms of g (B) , #∆, g(X gen ), m. In particular, the bound is independent of f .
This was proven by Bedulev and Viehweg in 2000 [BV00] . From this they derived the consequence that as soon as a reasonable moduli theory exists for canonically polarized varieties and if a D as above exists, then it is indeed of finite type. Unfortunately, such D almost never exist (especially over open bases); moreover, when the base variety has dimension higher than 1, the question of how to rectify this situation (by adding elements to the family over the discriminant locus ∆) is quite subtle. The bulk of this paper is devoted to pointing out that a proxy for D can be constructed by standard stack-theoretic methods, thus allowing us to show that (WB) implies (B) while skirting the difficult issues surrounding compactifications of the stack of canonically polarized manifolds.
Before stating our main result we need the following definition. Definition 1.4. Let U be a variety over a field k and C a class of schemes. A morphism X → U is a C-morphism if for all geometric points u → U, X u belongs to C. Two Cmorphisms X 1 → U, X 2 → U are deformation equivalent if there is a connected scheme T with two points t 1 ,t 2 ∈ T (k) and a C-morphism X → U × T such that X| U×t i ≃ U X i . An equivalence class (with respect to deformation equivalence) of C-morphisms X → U will be called a deformation type. REMARK 1.5. In the sequel, the class C will be chosen to be the class of canonically polarized varieties over a field k.
The following theorem proves (B) in arbitrary dimension. Theorem 1.6. Let U be a variety over k that is smooth at infinity (see (2.1)). [Vie06] .
In fact, we prove a more general result. For the relevant terminology see §4.A. Theorem 1.7. Let M • be a weakly bounded compactifiable Deligne-Mumford stack over a quasi-compact scheme T . Given a morphism U → T that is smooth at infinity, there exists an integer N such that for every geometric point t → T , the number of deformation types of morphisms U t → M • t is finite and bounded above by N. Definitions and Notation. For a morphism f : X → B and another morphism T → B, the symbol X T will denote X × B T . In particular, for b ∈ B we write X b = f −1 (b). In addition, if T = Spec F, then X T will also be denoted by X F .
Given a proper scheme X over a field k, we write Pic τ X for the locus of numerically trivial invertible sheaves. This is generally larger than Pic 0 X , the connected component containing the trivial sheaf.
A Deligne-Mumford stack M is polarized if it is quasi-compact, separated, and there exists an invertible sheaf L on M such that the non-vanishing loci of all sections of all tensor powers of L generate the topology on the underlying topological space of M . Equivalently, some tensor power of L is the pullback from the coarse moduli space M of an ample invertible sheaf L. A Deligne-Mumford stack is tame if the order of the stabilizer group of any geometric point x is invertible in κ(x). More generally, an algebraic stack is tame if the geometric stabilizers are linearly reductive.
COARSE BOUNDEDNESS

2.A. Bounding maps to a projective scheme
As in the introduction, k will be an algebraically closed field of characteristic 0. In what follows, variety will mean a k-variety. Definition 2.1. For a morphism U → T let Sing(U/T ) denote the smallest closed subset of U such that the induced morphism U \ Sing(U/T ) → T is smooth. The morphism U → T is called smooth at infinity if it is of finite presentation, the geometric fibers of U over T are reduced, and Sing(U/T ) is proper over T . 2.2. Let M be a proper k-scheme with a fixed invertible sheaf N and let U be an algebraic variety which is smooth at infinity. By Nagata's theorem, U embeds into a proper variety B. Blowing up and using the assumption that U is smooth at infinity, we may assume that B \ U is a divisor ∆ (with simple normal crossings, if desired) and that B is smooth in a neighborhood of ∆. Given a morphism ξ : U → M, there is an open subset ι : U ′ ֒→ B containing U and every codimension 1 point of B and an extension of ξ to a morphism ξ ′ : U ′ → M. Taking the reflexive hull of ι * N U ′ yields an invertible sheaf N ξ on B.
On the other hand, suppose C • is a smooth curve over k with smooth compactification C. Given a morphism C • → U and a morphism ξ : U → M as above, one obtains an extension ξ C : C → M of the restriction of ξ to C • . It is of course not necessary for deg(ξ * C N ) to equal deg N ξ | C , but this will clearly occur when C is contained in U ′ (in the above notation). 
. The function b N will be called a weak bound (with respect to N ), and we will say that ξ is weakly bounded by b N . NOTATION 2.5. The set of morphisms U → M which are weakly bounded by b N will be denoted W (U, M, b N ). ASSUMPTIONS 2.6. For the rest of this subsection we assume that M is projective and fix an embedding M ֒→ P n . We will let N = O M (1) = O P n (1)| M and replace the phrase "weakly bounded with respect to N " by "weakly bounded". 
The proof consists of several steps. First, we compactify U ⊂ B as the complement of a divisor ∆ in a proper variety as in (2.2). Then we bound the set of invertible sheaves N ξ . The choice of n + 1 sections of such an N ξ that simultaneously vanish only in ∆ can then be parametrized by a finite type space T . Lemma 2.8. Given a compactification U ⊂ B as above, there is a finite type (reduced) subscheme
Proof. We first claim that it suffices to assume that B is smooth. Indeed, choose a resolution of singularities (or an alteration) π : B → B, and let U be the preimage of U. Now we can consider weakly bounded morphisms U → M with the same weak bound b. Among these will be the compositions of π with morphisms U → M weakly bounded by b. It thus suffices to prove that the pullback morphism π * : Pic B → Pic B is of finite type. We claim that (π
is of finite type, the result will follow. To see the claim, note that for any curve C ⊂ B, there is a finite morphism C → C of degree d and a morphism C → B over C → B. Given an invertible sheaf L on B whose pullback to B is numerically trivial, we 
Recall that the set of numerical equivalence classes of invertible sheaves L ∈ Pic(B) with c 1 (L ) 2 ≥ 0 and deg A L bounded is finite. This can be seen easily using Kleiman's criterion for ampleness or the Hodge Index theorem. Since Pic τ is of finite type [SGA 6, XIII.4.7(iii)], these conditions define a finite type subscheme of Pic B , whose reduced structure yields W(U, P n , b). Proof. In this proof, we will use the fact that there is a tautological invertible sheaf L taut on Pic B ×B. Alternatively, one could instead work with the Picard stack and then take a finite type cover by a scheme at the end of the process (or make a base change to erase the Brauer obstruction). This observation is implicitly used in the relativization of these results below.
The stratification is defined by the upper semicontinuity of the function L → h 0 (L ). On each stratum, p * L taut is locally free, where p : Proof. Pulling back T to X and replacing the inclusion T ⊂ Y by T X ⊂ X , we may assume that X → Y is the identity morphism. Then the set Z \ T is constructible in X, so the reduced structure on the complement of its image in S is constructible. Any constructible set admits a natural locally finite stratification by reduced algebraic spaces, yielding the desired morphism S ′ → S. 
Proof of (2.7). Letting W b = W ∆ be the result of applying (2.9) and (2.11) to the scheme Y = W (U, P n , b) constructed in (2.8) proves the statement for M = P n . The general case follows from (2.10).
Proposition 2.12. Given a polarized variety
(M, O M (1)), an open subscheme M • and a weak bound b, there is a k-variety W b M • and a morphism W b M • × U → M • such that every morphism U → M • ⊆ M
that is weakly bounded with respect to the polarization of M by b appears in a fiber over
Proof. This follows from (2.7) and (2.10).
We briefly indicate how to extend the results above to the case of a family over a reduced base. 
Proposition 2.13. Let T be a quasi-compact reduced scheme and U → T a morphism which is smooth at infinity. Given a projective T -scheme of finite presentation (M,
Proof. It is easy to see that the above argument generalizes, with the following observation: to bound the intersection numbers of invertible sheaves on the fibers of a compactification, one need only bound the intersection numbers with a fixed very ample divisor, which we may choose uniformly on any relative compactification U ⊂ B → T . (Producing a compactification that is smooth at infinity over T may require making a finite presentation extension of T , but this does not disturb the statement of the proposition.) Notice that B → T is smooth at infinity because the singular locus of B is entirely contained in U.
2.14. Next we compactify ξ in a bounded family.
Proposition 2.16. Let T be reduced and quasi-compact and U → T a morphism that is smooth at infinity. Given a proper T -scheme of finite presentation M and a T -morphism
Proof. By standard methods, we may assume that T is Noetherian. We may then replace T by the disjoint union of its irreducible components and assume that T is integral. Next we can compactify the morphism U → T to a proper scheme B ′ → T (which is not necessarily flat!). Resolving the singularities of the generic fiber of B ′ \ Sing(U/T ) yields an immersion U → B ′′ into a proper scheme over the function field of T whose general fiber over T is smooth outside U. After a birational modification, we may assume that ξ extends to B ′′ and that B ′′ \ U is a simple normal crossings divisor. This extends over an open dense subscheme of T . By Noetherian induction, we can thus stratify T so that such compactifications exist over each stratum. Given the compactifications, we can then proceed as above to complete the proof.
2.B. Bounding maps to a quasi-projective scheme
Definition 2.17. Given a proper T -scheme π :
A relative polarization of M with respect to M • is an invertible sheaf L that is relatively ample with respect to M • .
Note that if (2.17.2) holds for some m > 0, then it holds for any m sufficiently large and divisible.
Definition 2.18. Given a separated T -scheme of finite type
• as an open subscheme of the proper T -scheme M. If there is no danger of confusion, we will abuse notation and refer to a relative compactification ι :
REMARK 2.19. These notions seem most natural if M • t is dense in M t for all t ∈ T , but we do not need to make this assumption here. Proof. Let m > 0 be the integer given in (2.17) and E = π * L m . Consider the natural map
and let σ : M → M be the blowing up of the ideal sheaf I . Since the support of
which is an embedding on M • . Letting M ′ be the scheme-theoretic image of τ and A the restriction of O P T (E ) (1) to M ′ yields (2.20.1). Given a curve C and a morphism γ : Proof. This follows directly from (2.13) and (2.20).
WEAK STACKY STABLE REDUCTION
3.A. Groupoid-equivariant objects in a stack
We start with a few basic results about equivariant objects and their liftings. While the main result of this section can be stated in purely stack-theoretic language (as we indicate in the alternative proof of (3.4)), the formalism we briefly sketch here is useful for clarifying the proof of (3. Proof. We indicate how one can construct an inverse and leave the details to the reader. Given an R-equivariant object ϕ over Z, we can first define a transformation from the naïve presheaf of groupoids Z/R associated to (R, Z) to Y : an object of Z/R is a T -point of Z, a : T → Z; a morphism a → b of T -points is given by a T -point of R, c : T → R such that σ c = a and τc = b. Define the inverse transformation by sending a to the composition ϕa and a morphism c to the isomorphism ϕσ c Proof. By the purity lemma [AV02, 2.4.1], ϕ lifts to ϕ : Z → M . It remains to show equivariance. We are given an isomorphism α : ϕσ ∼ → ϕτ. As M is separated, Isom R (ϕσ , ϕτ) is finite over R (via either projection). Furthermore, since R is normal, any finite birational morphism Y → R is an isomorphism. It follows that taking the closure of α in Isom R (ϕσ , ϕτ) yields a global section over R. Since the coboundary of α is trivial over a dense open subspace of R (2) , it follows that its (unique) extension is also trivial over all of R (2) . Proof. We include an alternative, purely stack-theoretic proof (without invoking groupoids). This proof has the advantage of greater intrinsic clarity, although we find the groupoid formalism helpful in the proof of (3.11) below. (We also point out in passing that the conditions on the groupoid in (3.3) are far weaker than are necessary for an algebraic stack, but this seems to be of limited utility.)
Consider the morphism ϕ : Z × M M → Z . By assumption, there is a section σ over U . Let Y = σ (U ) be the stack-theoretic closure. The projection Y → Z is proper, quasifinite, and an isomorphism in codimension 1. This persists after any étale base change Z → Z , whence, since Z is smooth, we see that ρ : Y ′ := Y × Z Z → Z must be an isomorphism. Indeed, it immediately follows that (via ρ) Z is the coarse moduli space of Y ′ . On the other hand, over the strict localizations of Z, Y ′ is a finite group quotient [SpecR/G] with coarse space SpecS. By assumption, S is regular and S ⊂ R is finite and unramified in codimension 1, hence is finite étale by purity. It follows that Spec S ≃ [Spec R/G]. We conclude that Y → Z is an isomorphism, and thus that there is a lift Z → M over M.
3.B. Stacky branched covers
We briefly recall the basic facts concerning stacky branched covers. Let D ⊂ Z be an effective Cartier divisor in an algebraic space, corresponding to a pair (L, s) with L an invertible sheaf on Z and s ∈ Γ(Z, L) a regular global section. (In fact, in this form, everything in this section can be equally well done for an arbitrary ringed topos. For example, one can produce a "stacky stacky branched cover" of a stack along a stacky divisor; this turns out to be simply a 1-stack.) Let L be the Artin stack [A 1 /G m ]; L represents the stack (on the category of algebraic spaces) of pairs (L, s) as above. The map x → x n defines a morphism ν n : L → L. Proof. The proof of (3.5.1) through (3.5.4) is an easy (helpful) exercise for the reader. It has also been treated numerous times in the literature (see for example [MO05] and [Cad03] ). The final statement may be proven as follows: given the universal pair (L , σ ), let Y → Z[D 1/n ] be the total space of the G m -torsor associated to L . Since the stabilizer action on each geometric fiber of L is faithful, it is a standard result that Y (which is the bundle of frames of the line bundle associated to L ) is an algebraic space. It immediately
Proposition 3.5. Let Z, D, L, s be as above. Define Z[D
1/n ] to be Z × (L,s),L,ν n L. (3.5.1) π : Z[D 1/n ] → Z
is a tame Artin stack with coarse moduli space Z; the natural morphism Z[D
1/n ] × Z (Z \ D) → Z \ D is an isomorphism. (3.5.2) (Z[D 1/n ] × Z D) red → D(L ⊗ n , σ ⊗ n ) ∼ → (π * L, π * s).follows that Z[D 1/n ] ≃ [Y /G m ].
Given a simple normal crossings divisor
We assume in what follows that Z is excellent. (Recall that this means that every étale cover by a scheme is excellent.) 
Since D is a simple normal crossings divisor, it is easy to see that Y is regular (and excellent). Proof. This follows immediately from the definition.
3.C. Applications to lifting problems
In this section we fix a discrete valuation ring R with uniformizer t, fraction field K, and residue field κ. Let Z be a tame separated Deligne-Mumford stack of finite type over R with coarse moduli space Spec R and trivial generic stabilizer. REMARK 3.10. The reader familiar with algebraic stacks might at first find the preceding lemma a bit strange. It is an amusing exercise to understand how it applies to the case of the stack Z given by the quotient of a wedge of n lines (in the sense of topology) by one of the natural actions of Z/nZ. It is easy to see that the coarse moduli space is a line, and that there is a single stacky point (corresponding to the point at which all of the lines are wedged, which is fixed by Z/nZ). In particular, Z is integral (but admits a finite étale cover by a connected reducible scheme). In this case n 0 = 1 and the normalization is simply a (non-stacky) line. REMARK 3.12. The reason we call this "weak stacky stable reduction" is the following: given a discrete valuation ring R and a family over its generic point, the methods of this section produce a family over a stack with coarse moduli space Spec R, as long as we already have the extension of the coarse moduli map. This makes the statement easier to prove but far weaker than stable reduction, even in a stacky form (cf. [Ols04] ).
PROOF OF THE MAIN THEOREMS
4.A. Terminology
Let M • be a separated Deligne-Mumford stack of finite type over T with coarse moduli space M • . Given a scheme U, define a relation on the set of isomorphism classes of morphisms ϕ : U → M • as follows: ϕ 1 ∼ ϕ 2 if and only if there exists a connected k-scheme T , two points t 1 ,t 2 ∈ T (k), and a morphism ψ :
This generates an equivalence relation ≡. 
It is clear that this notion agrees with (1.4) when M
• is a stack parametrizing the class C. In particular if M • is the moduli stack of canonically polarized manifolds.
4.B. The main theorem
Proof of Theorem 1.7. By (2.21) there is a finite type extension T → T and a morphism U T → M • such that for all geometric points t → T , every morphism U t → M such that the restriction of the induced morphism B t ′ → M t to U is the coarse morphism associated to ϕ. By (3.11), for any geometric point t ′ → T ′ , the morphism
By [Ols06] , µ is of finite type. Furthermore, by (2.10) there is a finite type monomor-
Pulling this back to S yields a finite type T ′ -stack H → T ′ such that for any geometric point t → T , the set of deformation types of morphisms U t → M • is a quotient of the set of connected components of H t (the fiber of the morphism H → T ′ → T ). Since H → B is of finite type, the number of connected components is bounded above for all points t. REMARK 4.8. The uniformity result of (4.7) was first proven by Caporaso for families of curves (i.e., for M • = M g ) in [Cap02] , using methods specific to the stack of curves. In [Hei04] , Heier refined Caporaso's results to produce an effective uniform bound. It would perhaps be interesting to determine what auxilliary data about the stack M • are necessary to prove an abstract effective form of (4.7).
FINITENESS OF INFINITESIMALLY RIGID FAMILIES
Let M • be a stack and let N be the least common multiple of the orders of the stabilizers of geometric points of M . Suppose U is a k-scheme. In the standard terminology, this theorem says that "infinitesimal rigidity implies rigidity." For applications of this result to families of canonically polarized manifolds, see Section 6.
We start with two lemmata. Proof. The statement is local on S, so we may assume that S is Noetherian. Since V → S has a section, it is a universal effective epimorphism [SGA 3, IV.1.12]. Since S is reduced and Noetherian, it has a dense subscheme consisting of finitely many reduced points t 1 , . . . ,t n . Extending the residue field of t i is also a universal effective epimorphism, so if ζ is constant on the geometric fiber of V over t i , it must be constant on V ⊗ κ(t i ) for each i. Write p and q for the two projections V × S V → V . In the exact diagram
we have that the two compositions ζ p and ζ q agree on the fibers over each t i . Since these fibers are dense in V and P is separated, the two maps agree on all of V × S V , whence there is a morphism γ :
Since V is everywhere dense in Z and P is separated, it follows that ζ factors through S, as required. The second statement works precisely the same way, using the fact that any closed set containing all of the closed fibers of π is identically equal to Z. Since R is regular and σ is defined over a dense open substack U, it follows that A satisfies the conditions of (5.4). Indeed, if R → A/εA is not an isomorphism, then A/εA cannot be irreducible (as R is normal and R → A/εA is birational). But Spec A is irreducible, being the scheme-theoretic closure of an irreducible scheme. On the other hand, if f is any element of R vanishing on the complement of U, we see that
is an isomorphism. We conclude that J is an isomorphism, and thus that ξ 1 ≃ ξ 2 , as required. (The reader will note that the argument given above can be made stronger: any given isomorphism over U [ε] can be extended, so that a compatible system of isomorphisms over U ⊗ k[t] extends to a system of isomorphisms over B D 1/N ⊗ k [t] . Furthermore, it is totally unnecessary to work with one-parameter deformations; we could indeed have worked with any Artinian local ring, subject to the obvious modification of (5.4) and a stronger definition of infinitesimal rigidity.)
If M • is weakly bounded, then combining the two arguments shows that any connected substack of Hom(B D 1/N , M ) containing a geometric point whose restriction to U is infinitesimally rigid is entirely contained in a residual gerbe, so that two distinct families which are infinitesimally rigid over U give rise to distinct connected components. It then follows from (1.7) that the number of infinitesimally rigid morphisms U → M • is finite and (stupidly) bounded above by the number of deformation types of such morphisms, which is uniform in a family of base varieties U.
5.5.
It may seem that the condition of infinitesimal rigidity is unnatural, especially for families over non-proper base varieties U. For families over curves this is true (in fact, infinitesimal rigidity almost never holds for families of canonically polarized manifolds over an affine curve). However, for bases U such that the boundary divisor in a compactification B is non-ample, there are many examples of such families. This is captured in the following proposition (which is far from optimal, but serves to illustrate the point). REMARK 6.3. At the time of this writing, the finite generation of the canonical ring has apparently just been proven [BCHM06] . It has been claimed that under the assumption of the minimal model program in dimension deg h + 1 (in fact, one seemingly needs only the existence of relative canonical models), one knows that there is a compactification
m for fixed sufficiently large and divisible m and p, and (2) L is the pullback of an invertible sheaf from the coarse moduli space M h of M h . Using these results would give a more natural proof of 6.2. Unfortunately, at the present time a proper explanation of this implication is not in the literature, so we find it prudent to include an alternative proof. REMARK 6.4. Because of the terminology that has been used in studying this problem, it behooves us to point out that the powerful results of Viehweg and Zuo [VZ01] , [VZ02] , [VZ03] , concerning the boundedness problem for families of varieties, fall short of addressing the entire question. In particular, without the use of stack-theoretic methods, the numerical boundedness results (usually referred to as "weak boundedness") are not enough in themselves to show constructibility of the locus of coarse moduli maps arising from families. It is only by combining the numerical results with a study of lifts of coarse maps into stacks that one can prove the concrete boundedness results of (1.6) and (1.7). This fact is implicit in the work of Caporaso [Cap02] , but rather than lifting to the stack, she lifted to a level cover of the stack of curves. This allowed her to avoid the use of stack-theoretic constructions but limited the argument to handle only families of curves. b h (g, d) .
Proof. This is an application of (4.7).
